We show that an n-dimensional generalized Robertson-Walker (GRW) space-time with divergence-free conformal curvature tensor exhibits a perfect fluid stress-energy tensor for any f (R) gravity model. Furthermore we prove that a conformally flat GRW spacetime is still a perfect fluid in both f (R) and quadratic gravity where other curvature invariants are considered.
Introduction
Perfect fluids play a crucial role in General Relativity being the natural sources of Einstein's field equations compatible with the Bianchi identities. Thanks to this feature, any source of field equations that can be recast in a perfect fluid form is suitable, in principle, for solving dynamics having a well posed formulation of the related Cauchy problem [1, 2, 3] . In cosmology, perfect fluids can represent, at least in a coarse-grained picture, the effective behavior of Hubble flow ranging from inflation to dark energy epochs [4] . For these reasons, compatibility of perfect-fluid solutions with modified or extended theories of gravity is a crucial issue to be investigated.
In this paper, we want to face this problem for the most straightforward generalization of General Relativity which is f (R) gravity, where a generic function of the Ricci scalar is considered in the Hilbert-Einstein action of gravitational field.
To start these considerations, let us take into account a Lorentzian manifold of dimension n whose Ricci tensor has the form
where g kl is the metric, R = R k k is the curvature scalar, u k is a given time-like vector field u j u j = −1, ξ is the eigenvalue R ij u j = ξu i . The space-time is named perfect fluid space-time, while in the geometric literature it is known as a quasiEinstein manifold, with metric of arbitrary signature [5, 6] . The reason is that, by the Einstein's field equations
the Ricci tensor (1) implies the stress-energy tensor of a perfect fluid
κ is Einstein's gravitational coupling.
As said before, a generalization of Einstein's theory are the so called f (R) theories of gravitation. They were introduced by Buchdahl in 1970 [7] and gained popularity with the works by Starobinsky on cosmic inflation [8] . More recently, they gained interest also as a possible mechanism to explain the today observed cosmic acceleration, often dubbed as dark energy [9] . In general, extensions or alternatives to General Relativity are invoked to address the problem of dark side of the universe (dark energy + dark matter), instead of searching for new material ingredients (until now not found) at fundamental level [10, 11, 12, 13] . In such theories, the scalar R in the gravitational action is replaced by a smooth function f (R):
g is the determinant of the n-dimensional metric and S m is the action of matter fields. Variation with respect to g kl gives, modulo surface terms, the field equations:
where a prime denotes derivative with respect to R. It is easy to check that the property ∇ k T k l = 0 is preserved for any differentiable f (R). In this paper, we shall study the following problem related to Eq.(4): If R kl has the perfect-fluid form (1) , the presence of the terms ∇ k ∇ l R and (∇ k R)(∇ l R), prevents T kl to describe a perfect fluid. We show that for this to happen with any f (R), the space-time has to be a generalized Robertson-Walker (GRW) space-time with harmonic Weyl tensor (that is ∇ m C jkl m = 0). In n = 4 they imply that the space-time has the standard RW metric. For special choices of R and ξ, a quasi-Einstein vacuum solution is possible.
Perfect-Fluids in f (R) gravity 3
Similar conclusions are obtained for quadratic theories of gravity where f (R) is replaced by a scalar expression quadratic in the Riemann tensor and its contractions [14] . In this case, the space-time must be RW in any space-time dimension.
The paper is organized as follows. In Section 2 we obtain the conditions for f (R) gravity to admit a perfect fluid stress-energy tensor with a Ricci tensor of the form (1). The GRW space-times, with null divergence of the Weyl tensor, are discussed in Section 3. In Section 4 we give a lemma on the Hessian (i.e. double covariant derivatives) of certain scalar fields in GRW space-times, including the scalar curvature, if ∇ m C jkl m = 0. In Section 4 we show that a RW space-time gives rise to a perfect fluid stress-energy tensor in any quadratic gravity theory. Conclusions and outlooks are reported in Section 5.
We adopt the following notations. For a scalar S, we useṠ = u m ∇ m S (in the frame
The metric tensor has signature (−, +, . . . , +).
Conditions for perfect fluids in f (R) gravity
Let's specify the derivatives
Then we must have:
Next, we require:
where ϕ is a scalar field, i.e. the time-like unit vector field is "torse-forming" [36] . Condition C2, together with u 2 = −1 and R jk u k = ξu j (implied by (1)) are the defining properties of a Generalized Robertson-Walker (GRW) space-time. The condition C1 poses a further constraint on the space-time.
With a perfect fluid Ricci tensor (1) and conditions C1, C2, we prove that the field equations for f (R) gravity are:
The stress-energy tensor now describes a perfect fluid with pressure and energy density
When they both vanish, a vacuum solution results, even in presence of a non-zero Ricci tensor. This means that a cosmological constant term is naturally recovered. This result generalizes the approach often used in cosmology [9, 15] where a curvature stress-energy tensor is derived to address dark energy and dark matter issues [16] . It is worth noticing that General Relativity is immediately recovered for f (R) = R.
Generalized Robertson-Walker space-times
A generalized Robertson-Walker (GRW) space-time is a Lorentzian manifold characterized by the metric [17] 
where g * µν (x) is the metric tensor of a Riemannian submanifold M * of dimension n − 1 and q is a smooth warping function (or scale factor). These spaces have been deeply studied in the past decades by several authors [18, 19, 20, 21, 22, 23, 24, 25, 26] , see also [27] for a review. Recently, B.-Y. Chen gave a covariant characterization in terms of a time-like concircular vector field ( [28] , [29] Theorem 4.1). An equivalent one was proven in [27] : "A space-time is GRW if and only if there exists a time-like unit (u 2 = −1) and torse-forming (C2) vector field, that is also eigenvector of the Ricci tensor". In the coordinate-frame (11) u 0 = 1, u µ = 0, and:
where R * = g * µν R * µν is the scalar curvature of M * ; the eigenvalue ξ of the Ricci tensor is the scalar field
In [22] the covariant expression of the Ricci tensor in GRW space-times was obtained:
where C jklm is the Weyl tensor. In the frame (11) the space components are:
Using (12), it gives:
The Ricci tensor has the perfect fluid form (1) with torse-forming vector field u j (condition C2) if C jklm u j u m = 0. We now recall that u j has the property
named the Riemann-compatibility [30] , which implies the Weyl-compatibility [31] :
This shows that C jklm u j u m = 0 if and only if C jklm u m = 0. The following theorem gives an interesting necessary and sufficient condition:
Theorem 1 ([22] Theorem 3.4 and Proposition 3.5). On every GRW spacetime, with time-like unit torse-forming vector u j , it is
We conclude that condition C2 and the requirement of perfect fluid Ricci tensor are equivalent to the space-time being a GRW, with ∇ m C jkl m = 0. The next proposition shows that condition C1 is fulfilled: 
where A = −ϕṠ and B = −ϕṠ +S. Then, ∇ 2 S = −(n − 1)ϕṠ −S.
Proof.
The lemma always applies to the scalars ϕ and ξ: (24) and (25) follow. A derivative of (24) gives:
The term h i m ∇ m ϕ is zero by (25) . The next term is:
By (21), the lemma applies to R when ∇ m C jkl m = 0, and gives the expression of the Hessian:
With this expression, the f (R) field equations (5) take the form (8) and then the further curvature contribution with respect to General Relativity, related to f (R) gravity, can be interpreted as a perfect fluid stress-energy tensor.
Remark 6. If ξ = 0 the covariant divergence of R jk u k = 0 givesṘ = −2ϕR, and (24) givesφ + ϕ 2 = 0. The Hessian becomes:
Contracting this with g
kl gives a Klein-Gordon equation for the scalar curvature,
In this sense, the Starobinsky scalaron is an effective scalar field.
The Friedmann equations in conformally harmonic GRW space-times
In view of cosmological applications we note that, in the coordinate frame (11), the scalar function ϕ identifies withq/q (see Theorem 2.1 in [32] ) and the ratioq/q is the Hubble parameter H. Then:
Hereafter, we consider GRW space-times with the condition ∇ m C jkl m = 0 in different theories of gravity. As a consequence, the Ricci tensor has the form (1) and
The case of Einstein gravity
The Einstein equations are:
The trace and the eigenvalue equation respectively give (n−2)R = −2κp(n−1)+2κµ and 2ξ − R = −2κµ. Elimination of R and ξ by the relations (13) and (14) gives:
The first is the Raychaudhuri equation for the shear, vorticity, acceleration-free velocity field, i.e. the first Friedmann equation. The other is the second Friedmann equation. For n = 4 and defining q(t) = a(t), the scale factor of the universe, the standard cosmological equations are easily recovered.
The case of f (R) gravity
By combining Eqs. (9) and (10) for p and µ, we obtain the analogous of Friedmann Eq. (31):
It can be written in terms of the Hubble parameter (29):
Eq. (10) with Hubble's parameter is:
where we used R = 2(n − 1)Ḣ + n(n − 1)H 2 + (R * /q 2 ).
Remark 7. If R * = 0, Eq.(34) coincides with Eq.(75) in [11] , Eq. (9) for the pressure is
It coincides with Eq.(76) in [11] despite of the greater generality of the metric g * .
Example 8. Starobinsky considered the case f (R) = R + αR 2 where α is a parameter. The pressure p and the energy density µ are, in n = 4 and with R * = 0:
This case has been widely studied in literature (see [33] and references therein).
Conformal tranformations on GRW spacetimes
The above considerations can be extended by taking into account conformal transformations. In a conformal transformation [34] the metric tensor g ij is replaced by a locally rescaled one,ḡ kl (x) = e 2σ(x) g kl (x). The Weyl (1, 3) tensor (also called the conformal tensor) is invariant,C jkl m = C jkl m , whileC jklm = e 2σ C jklm . With conformal rescaling, the Christoffel symbols, the Ricci tensor and the divergence of the Weyl tensor transform as:
With these preliminaries, we can enunciate the following Theorem 9. A conformal transformationḡ ij = e 2σ g ij with ∇ k σ = −u kσ maps a GRW space-time (M, g) to a GRW space-time (M,ḡ).
Proof. The torse-forming time-like unit vector field
Thereforeū k is torse-forming in (M,ḡ), withφ = e −σ (ϕ+σ). To check that it is an eigenvector ofR jk , let us note that by Lemma 4:
Then ∇ 2 σ = −(n − 1)ϕσ −σ, and we are ready to evaluatē
and (M,ḡ) is a GRW space-time.
From (38) we obtain the curvature scalar, the eigenvalue, and the Einstein tensor: 
Considering f (R) gravity, one exploits the conformal mapḡ kl = e 2σ g kl [35] , with
and f ′ (R) > 0, to map f (R) gravity to Einstein gravity minimally coupled to an extra scalar field. For such transformation, the space-times (M, g) and (M,ḡ) are named Jordan and Einstein frame respectively.
If (M, g) is a GRW space-time with ∇ m C jklm = 0, the transformation (42) satisfies the hypothesis of Prop.10: it is
The Einstein tensor in the Einstein frame is obtained from (41):
Comparison with the equation of motion in the Jordan frame (8) , gives:
In this sense, results for perfect fluids in the Jordan frame can be transformed to the Einstein frame and back.
Robertson-Walker in quadratic gravity
A special consideration deserves quadratic gravity, that is Hilbert-Einstein action corrected with quadratic combinations of curvature invariants [14] . It is based on the following integral action
As first remark, we note that the term G = R jklm R jklm − 4R jk R jk + R 2 is the Gauss-Bonnet topological invariant, whose integral is equal to zero for n = 4. It can contribute to the cosmological dynamics if functions of it are considered in the so called f (R, G) gravity (see e.g. [37, 38] ).
Variation of the action with respect to the metric gives the stress-energy tensor:
Despite the complicated expression, we are able to prove the following 
Consider the expression of the divergence of the Weyl tensor
With C jkl m = 0, a further derivative gives: In other words, we can say that quadratic gravity contributions can be always recast into dynamics as a perfect fluid stress-energy tensor.
Conclusions and outlooks
Extensions and modifications of General Relativity have a prominent role in addressing the problems of dark energy and dark matter (the so called dark side). In this perspective, the shortcoming of Einstein's theory to fit astrophysical and cosmological structure at infrared scale, without huge amounts of exotic fluids, would be in some sense solved by requesting more degrees of freedom (more "geometry") to describe the gravitational interaction. Besides, the approach could solve the apparent lack of new "material" ingredients that, until now, have not been found by fundamental physics experiments. In any case, the General Relativity paradigm is extremely efficient in describing cosmology, then the issue is to model any further contributions under the standard of perfect fluids that act as effective sources in the cosmological equations. With this perspective in mind, it is possible to extend Einstein's theory by considering f (R) gravity and enquiring whether the further degrees of freedom in the gravitational action can be modeled as perfect fluids sourcing the field equations.
In this paper, we rigorously addressed this question by demonstrating that any f (R) model can be recast as a cosmological fluid in generalized RW space-times. This result has been used several times in cosmology [16] but never, to our knowledge, rigorously demonstrated.
As a general remark, we expect that the results in this paper can be generalized to other geometric corrections to the gravitational action, that can contribute as a perfect fluid in the field equations and be tested by some cosmographic analysis [39] . In a forthcoming paper, the present approach will be generalized to other extended gravity theories.
